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We investigate the dynamics of a single magnon excitation in a quantum Heisenberg model under
the effect of lattice vibrations. The Heisenberg spins are set on a nonlinear Morse chain, with the
coupling depending on their distance. We solve the time evolution numerically and discuss the magnon
velocity’s dependence on the spin-lattice coupling. Our results show that the lattice deformation
embodies a finite fraction of the spin wave function in the robust spin-lattice coupling regime,
generating a mobile magnon-lattice excitation. We also analyze the lattice deformation and magnon
wave functions separately. Our results indicate both spatial profiles display solitonic features.

© 2022 Elsevier B.V. All rights reserved.

1. Introduction

The relationship between particle, energy transport and their
embedded lattice structure has always drawn a great deal of at-
tention in several contexts [1-24]. In terms of electronic propaga-
tion, the famous work done by Su, Schrieffer, and Heeger (SSH) [4]
was used to study the conductivity of trans-polyacetylene. They
employed a one-dimensional tight-binding Hamiltonian in which
the off-diagonal terms depended on the spatial structure of the
polyacetylene. Quantum simulation of the SSH model was imple-
mented using an atom-optics setup in [5].

A number of works showed that electron-lattice coupling
provides with electronic propagation [25-29]. Other studies on
charge transportation in nonlinear chains addressed the existence
of a quasi-particle emerging from the coupling between self-
trapped (polaron) states and lattice solitons [30-40]. For instance,
in Ref. [40], it was shown that a mobile discrete breather-electron
coupling promotes charge transport. In a fine experiment de-
scribed in Ref. [41], controlled electronic dynamics were obtained
using electron-lattice interaction. The setup consisted of a single
electron trapped in a quantum dot, moving around a channel via
surface acoustic wave (SAW) [42-51]. The authors in Ref. [52]
provided a comprehensive review of many other ways to gain
control over a propagating single-electron. Potential applications
to quantum information processing are also discussed.
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The problem of magnetic excitations interacting with lattice
vibrations have also attracted interest [53-70]. In Ref. [54] the
authors demonstrate that SAW can control the magnetization
of a ferromagnetic Ni film. The thermal Hall effect is controlled
by magnon-phonon coupling was described on a ferromagnetic
square lattice featuring Dzyaloshinskii-Moriya interaction [57].
Ref. [58] reported signals of collective antiferromagnetic magnon-
phonon dynamics in an insulator Cr,0s. It was shown in [59] that
the magnon-phonon coupling could amplify spin pumping in a
Pt/YIG bi-layer film.

As we can see, magnon propagation dynamics mediated by
lattice interaction is a relevant topic. Inspired by this, we study
magnon dynamics in a quantum Heisenberg model featuring
lattice vibrations considering a nonlinear Morse chain. Spin ex-
change interactions between nearest-neighbor sites are set as a
function of their distance. To keep track of the magnon dynamics,
we solve the differential equations numerically using a Taylor
formalism combined with a second-order Euler procedure. Our
results show that strong magnon-lattice interaction yields col-
lective magnon-soliton dynamics. The magnon velocity depends
on the magnon-lattice coupling. We also address the overlap
between the localized magnon wave input and solitonic modes.
Magnon-soliton hybrid excitations are shown to collide with
minimum interference.

In this work, the problem involving dynamics of magnon
excitation in a Morse lattice are investigated considering the
Heisenberg model in a Morse Lattice. In our model, the spin-
spin coupling is directly connected with the lattice deformation.
By using numerical methods to solve the quantum equation and
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the classical vibrational problem, we investigate the existence of
a magnon-soliton pair formation. We demonstrate numerically
that for some specific values of magnon-lattice interaction, the
magnon-lattice bound states occur with reasonable stability.

2. Model and numerical calculation

We define a quantum Heisenberg model with N spin—1/2
particles on a nonlinear Morse chain. Its Hamiltonian is given
by [71,72]:

N

Hs = — Z{]l<,k+15k5k+1}, (1)
k=1

where Ji k41 represents the exchange interaction between sites k

and k + 1. The spin-spin interaction is set to follow

Jeke1 = Je*Ol(RkJrl*Rk)7 (2)

where Ry and Ry, 1 represent the displacement of spins k and k+1
from their equilibrium position. The quantity « is an adjustable
parameter that controls the intensity of spin-lattice coupling. The
displacements {R} can be found by solving the lattice dynamics
represented by the classical Hamiltonian [73]

N P’2
— _K
H = ZZM

k=1
N

+ 3 7{1— exp[-QRe — Re-1)] ). 3)
k=1

Here, P, stands for the particle moment at site k and M = 1 is the
mass of each particle. We emphasize that the above Hamiltonian
basically describes a chain with nearest-neighbor masses coupled
by a Morse potential [73-76]. We also use the dimensionless
representation by absorbing the constants Z and Q as the fol-
lowing [22]: Re — QRy; Px — Py/~/2Z and H, — H;/(2Z). The
time-dependent spin wave function is |®(t)) = ), cklk), where
|k) denotes a single spin at the k site (i.e. |k) = S, |0) where |0)
is the ground state). Therefore, the time-dependent Schrodinger
equation can be written in the form

dey(t)
dt

== = Z{lexp(—alRes — R)

+ exp(—a(Rx — Ry—1))lck(t)

exp(—a (R — Re_1))ck—1(t)

exp(—a(Re1 — Ri))crera(6)}. (4)
On the other hand, the classical vibrations can be obtained from
the Hamilton equations, leading to

d’Ry

e {1 — exp[—(Rk+1 — Ri)1rexp[—(R+1 — Ri)]
— {1 — exp[—(Rx — Ri—1)1}exp[—(R — Ri—1)]
+ ";x[ea(RkR"])(C,’:Ck +C:_1Ck—1)

—a(R —R, * *
— e~ Rit1 k)(Cka‘i‘CkHCkH)

+ e R =RI(cx o + cicirr)
- eia(Rkikal)(C;:_lck + C]jck—l )i| . (5)

In the above differential equations, we rescaled time as t —
wt, where w is the frequency of oscillations around the min-
imum of the Morse potential [73]. We further consider 7 =
J/(hw) = 10 to account for the timescale difference between
electronic dynamics (faster) and lattice vibrations (slower). We
emphasize that value was obtained in several papers by Velarde
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and Davydov [25,26,73]. The authors of these papers demonstrate
that quantum dynamics is about ten times faster than classical
propagation. Henceforth, following Ref. [73] we consider J = 0.1.
Within the context of the value of ] we emphasize that based
on several Refs. [77-80], we can see that ] < 0.1eV. We also
emphasize that we can understand the quantity J in our model
as the typical energy unit. Thus, we can adjust the model by
choosing our parameter J in units of eV. Therefore our choice
to J agrees reasonably well with the typical values of J found in
several materials (or models) [25,26,73,77-80]. We will discuss
briefly, at the end of our work, the dependence of our model and
results with the value of J.

Our calculations will be done throughout numerical solution of
set of equations (4) and (5). The quantum equations (4) are solved
first by writing the time evolution operator O(5t) as a Taylor
expansion up to 0(st) = ¢ $°) — 14+ Y 1, (—iH g8t) /(1) [81].
The sum is truncated at np = 10 and we use 8t = 2 X
1073, The classical equations are solved using a modified Euler
method defined in [82,83]. It begins by estimating R(5t)' =~
R(t = 0) + S8t(dRy/dt)|;—o at time §t. We then work out
improved solutions Ry(8t)?, that is Ri(8t) =~ Rt = 0) +
(8t/2)[(dR}/dt)|c—o + (dRZ/dt)|5 ]. The accuracy is routinely ver-
ified by checking the wave function norm. For all the numerical
simulations below, |1 — )", |c(t)?] < 107! Considering the
class of problems we deal with here, the above approach offers
some advantages compared to standard methods such as the
Runge-Kutta scheme.

In order to follow the dynamics of the magnon, we evaluate
its mean position

ns(t) =Yy _(k—N/2)lalt), 6)

k

and the so-called participation number

P(t) =) a1, (7)
k

which gives 1 when the wave function is fully localized and
~ N when it features an extended profile. The quantity G, will
describe the lattice behavior at the site k. G, is a generalized
probability that deformation around site k occurs. This is obtained
by normalizing u = (1 — el™®FR-11)2 “that is G = ui/ Y, ().
This quantity allows us to compute the centroid of the lattice
deformation

mi(t) =) _(k—N/2)Gp. (8)

k

We will present our results in the following section. We fix
the chain size to N = 10° sites and set the input considering
c(t = 0) = 8eny2, Ri(t = 0) = w2 and Ri(t = 0) = 0. We
do not fully integrate the set of differential equations; we do it
for a region around the initial position N/2 by taking k equations
within the interval [N/2—b/2, N/2+b/2], with b = 100 initially.
When either the wave function or nonlinear vibrations reach
the boundaries of that interval, we increase b. That procedure
promotes computational resources optimization.

3. Results

Fig. 1(a) shows the magnon centroid ng(t) versus time for
several spin-lattice coupling strengths, « = 0 to 2. We also stress
that such dependence of ns(t) with the spin-lattice coupling was
also observed in Fermi-Pasta-Ulam chains [69]. The relationship
between the excitation centroid and the spin-lattice coupling
suggests, in general, the overlap of a finite fraction of the magnon
wave function with solitonic modes. In order to dig for more
details, in Fig. 1(b) we plot the centroid of both magnon and
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Fig. 1. (a) Mean position of the magnon ng(t) versus time for several values of spin-magnon interaction «. (b)

Mean position of the magnon alongside lattice

deformation’s, n; versus «. (c¢) Magnon and lattice deformation velocities Vs and V, respectively, versus .
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Fig. 2. Two-dimensional profile of the wave function (|c;|> x n; solid line) and
lattice deformation probability G, x n (dotted lines) at t = 100, 200, 300, 400.

For both quantities we set n =k —N/2 and fix « = 1.7.

lattice deformation excitations at the long-time limit, that is ng =
ns(t = tmax) and n; = n(t — tye). Additionally, in Fig. 1(c) we
show their propagation speeds, Vs and V[, respectively versus o,
obtained via linear regression of ng(t) and n;(t) fort — tox = 5%
10%. We see that both excitations remain separated depending on
the spin-lattice coupling strength (when o = 1.4, for instance).
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:
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0

Fig. 3. Fraction of the magnon wave function trapped by the lattice deformation
Fs measures in the long time limit. Calculations suggest that for « > 1.6 the
fraction of the wave function trapped by the solitonic deformations remains

roughly stable.

Moreover, their position and velocity values are very close to
some specific values.

Let us now monitor the wave function’s shape along the time
to understand the interaction between magnon and lattice defor-

mation and to analyze magnon-lattice pair formation. In Fig. 2
we plot both |c,|?> x n and the lattice deformation probability
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Fig. 4. Scaled participation number in the long time limit P, /Py = P(o,t —
tmax)/Po versus «. We see that lattice deformation promotes the trapping of a
finite fraction of the magnon wave packet for o > 1.6.
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Fig. 5. (a) Lattice deformation G,(t) and (b) occupation probability |c,(t)* for
the magnon initially localized at site n = k — N/2 = 0 and lattice featuring
velocity Ry(t = 0) = 8,,0.

G, x n at different times. We emphasize that n = k — N/2. We
see the magnon gets trapped by the solitonic mode, as told by
the perfect match of the dotted lines (soliton shape) and the solid
line (magnon shape). To see how that goes with «, in Fig. 3 we
track how much of the magnon wave function was trapped by the
solitonic lattice deformation, Fs, in the long time limit. In practical
terms, we follow the position of the lattice wave and evaluate the
magnon occupation probability at the same spot. It is remarkable
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Fig. 6. (a) Lattice deformation G,(t) and (b) occupation probability |c,(t)?> for

the magnon initially localized at site n = k — N/2 = 0 and lattice featuring
velocity Ry(t = 0) = —8,0.

what happens to it when o > 1.6. Calculations suggest that for
o > 1.6 the fraction of the wave function trapped by the solitonic
deformations remains roughly constant. For « ~ 1.5, we can see
that the fraction of the wave function captured by the solitonic
mode decreases. We do not know precisely the explanation for
the non-monotonic dependence of Fs with «. However, we can
provide a brief discussion about this crucial point. The parame-
ter o represents the intensity of the magnon-lattice interaction.
Therefore, by changing «, we are changing the kind of dynamics
disorder within the spin-spin coupling distribution. This dynamic
disorder’s scattering of the magnon wave function is a nontrivial
process, and some destructive (or constructive) internal interfer-
ence can contribute to trap the wave function. At this point, it
is convenient to analyze those features in light of the degree of
magnon localization. In Fig. 4, we show the scaled participation
number in the long time limit i.e. P,/Py = P(a,t — timax)/Po.
We emphasize that Py = P(o = 0,t — tq) is the participation
number in the long time limit in the absence of magnon-lattice
interaction(¢ = 0). We see that it exhibits a large participation
number for ¢ &~ 0 and become more localized as « is increased.
When o« > 1.6, the participation number declines rapidly. The
decrease in the participation number is related to the trapping of
the wave function by the lattice deformation.

Now, we investigate the role of different types of initial con-
ditions. In Fig. 5, we plot the lattice deformation G,(t) and wave
function |c,(t)|? versus n and t considering & = 1.7. Therein we
see their solitonic profile, as expected. It is also interesting to
note that magnon wave function travels roughly with the velocity
predicted earlier. We emphasize that n = m — N/2, with the
magnon initially at n = 0. The lattice properties are R,(t = 0) =
8n0 and Ry(t = 0) = 0. (For now, this configuration is the same
as in the previous figures.) Another aspect worth pointing out
in Fig. 5(b) is that small-amplitude irradiation goes outwards at
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Fig. 7. (a) Lattice deformation G,(t) and (b) occupation probability |c,(t)|* with
the magnon initially set as c,(t = 0) = %511,410 + kan,no and lattice velocity
Ru(t = 0) = 8n,—ny + Sn.ny, With ng = 50. We stress that n =k — N/2.

initial times. Similar processes were reported in the context of
electron-soliton dynamics. The critical point here is that whereas
the solitonic deformation mode captures a finite fraction of the
initial wave function, the remaining part propagates freely. In
Fig. 6 we change the initial velocity of the lattice component to
Rn(t = 0) = —8p,0. The solitonic mode is also produced whenever
the Morse lattice is initialized through an impulse with negative
velocity. This time, however, it goes the other way around. It
should be clear that the results reported in Figs. 1 through 3
are qualitatively the same as those obtained in the case of initial
negative velocity.

Figs. 7 and 8 show the dynamics for rather different initial
conditions. Now, the magnon wave function is set with c,(t =

0) = \/%8,1,_,,0 + \/%3;1,110 lattice velocity as Ry(t = 0) =
V18n,—ny + V28nn,. In Fig. 7 we consider np = 50 and v; =

vy = 1. In this case, we observe two lattice deformation solitonic
modes (one at each impulse input location). Once again, each
of these captures a finite fraction of the magnon wave function
that, likewise, spreads out carrying the same solitonic profile.
In Fig. 8 we consider ng = 150 and vy = —v, = 1. This
time the solitons move towards each other (due to the initial
velocities with opposite signals). After a while, a collision takes
place in both components. After that, both pulses retain their
trajectory and shape. We stress that this collision without any
apparent destruction of the solitonic shape is a key signature
that a magnon-soliton pair indeed takes place at the regime of
strong magnon elastic coupling (¢ > 1.6). Before concluding our
work, we will briefly discuss our main results’ dependence on
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Fig. 8. (a) Lattice deformation Gy(t) and (b) occupation probability |ca(t)]? with
the magnon initially set as c,(t = 0) = %6",,,10 + %8,.,,.0 and lattice velocity

R,.(t = 0) = 8n,—ny — Sn.ny» With ng = 150. We stress that n =k — N/2.
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Fig. 9. The fraction of the magnon wave function trapped by the lattice
deformation Fs versus « considering /] = 0.01, 0.05, 0.1.

the value of J. We stress that, in a wide range of materials [77-
80], ] was obtained about 0.01eV up to 0.1eV. Therefore we will
compare the behavior of the quantity Fs(«) considering these
values ] = 0.01 up to 0.1. In Fig. 9 we plot the quantity Fs versus
o considering ] = 0.01, 0.05, 0.1. Our calculations indicate that
the main results are roughly the same: for o« > 1.6, the solitonic
mode captures a finite fraction of the magnon wave function.
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4. Final remarks

We have investigated the magnon dynamics on a nonlinear
Morse chain, where the spin-spin coupling depends on their
distance. By setting up an impulse excitation at the mass located
at the center of the chain, it is possible to induce the appearance
of a solitonic lattice mode which, depending on the spin-lattice
coupling strength, is capable of carrying part of the magnon wave
function along. We carried out detailed numerical investigations
and found that in the regime of the spin-lattice strong inter-
action, a stable hybrid magnon-soliton excitation takes place.
Moreover, depending on the initial conditions, we can bring about
more of those structures, study collisions etc. We found that
after colliding, both pulses remained unchanged, adding evidence
for the robustness of those solitonic modes. Further studies may
be conducted to test such stability against static and dynamical
fluctuations to account for more realistic settings.
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