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In this paper, we investigate the one-electron propagation in a nonlinear chain with
electron–lattice interaction. The model contains standard cubic nonlinear terms, and
we introduce the coupling between the electron and the lattice through the hopping

distribution. We solve the coupled equation set to electron and lattice and calculate
the electronic position as a function of time. We provide a detailed investigation of the
electron and lattice dynamics for a wide range of electron–lattice coupling intensities.
Our results demonstrate that depending on the initial condition we consider and the
intensity of the electron–lattice interaction, we can obtain (or not) an electron–phonon
pair formation. Our results reveal that, depending on the initial velocity of the lattice
and the degree of electron–lattice term, we can observe a repulsion between electron and
lattice deformations.
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1. Introduction

The electronic-phonon phenomenology attracted a great attention in the last
years.1–34 Within the context of one electron in a one-dimensional tight-binding
Hamiltonian, one of the most relevant contributions was the Su, Schrieffer and
Heeger (SSH) model.8 Within the SSH framework, off-diagonal terms are directed
dependents on the lattice vibrations. By using an atom-optics setup, an experimen-
tal quantum simulation of this model was provided.9

Other interesting works were done by Davydov.35–39 The Davydov formalism
describes the interaction of exciton modes related to the amide-I excitation with
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the lattice phonons. It was pointed out that the possibility of the electron–lattice
coupling provides electronic propagation. Within the context of nonlinear lattices,
a wide collection of works had been showed in the past.31,40–54 Velarde pointed out
the possibility of electronic transport mediated by solectrons (a “quasi-particle”
originated from the coupling between self-trapped states and nonlinear solitons).
Based on this theory, the electronic transport mediated by this electron–soliton phe-
nomenology has been investigated in several two-dimensional anharmonic lattices,
particularly in a square lattice similar to the “cuprate” lattice.50

In Ref. 55, an experimental study of tunneling dynamics was carried out on a
sub-nanosecond time scale. Surface acoustic waves (SAWs) were used to generate
dynamic quantum dots in a one-dimensional channel, in which these dots transport
one electron each at SAW velocity. In Ref. 56, the time evolution of a single elec-
tron wave function was studied using moving quantum dots defined by SAW. As the
bandwidth limits the coherent dynamics of the system, a procedure was proposed
to overcome this. Quantum dots travel through a static potential and different
confinement regions, causing electrons to be excited in a superposition of state.
It was investigated experimentally by electron transport correlated with the aid
of a SAW in almost one-dimensional channels.57 These electrons were transported
through three micron-separated channels formed in a heterostructure. The SAW
traps electrons and leads them into two depleted channels connected to an open
ballistic channel. In Ref. 58, it was demonstrated experimentally using a source and
detector of a single electron propagating in isolation from the other electrons in a
one-dimensional channel. This channel was placed between two quantum dots, and
a SAW transported this electron through the channel with a velocity 3 μm ns−1.
The emission and reception efficiencies are 96% and 92%, respectively. In Ref. 59,
the authors move a single electron along a channel using a SAW. In Ref. 60, the
authors perform an exciting experiment in graphene under a SAWs effect on a
piezoelectric surface. They demonstrate the existence of an acoustoelectric current
crossing the graphene structure. In Ref. 61, it was experimentally demonstrated
that in semiconductor heterostructures such as GaAs/AlGaAs, the electronic prop-
agation between distant quantum dots can be obtained using SAW. They obtain
a single-shot transfer with an efficiency of 99%. In Ref. 62, an experimental study
was carried out for the generation of single photons, without using quantum dots.
They transported a single electron at a minimum potential of a SAW to a region of
holes to form an exciton. In Ref. 63, the dynamics of electrons between two coupled
wires under the effect of SAW was investigated in detail. They prove that coherent
tunneling occurs when the electrostatic potential generated by the SAW is specially
aligned between the two coupled wires. In Ref. 64, an experimental analysis of a
SAW waveguide in lithium niobate (LiNbO3) was carried out from a line defect
within a triangular photonic lattice. The SAW mode involves extensive bandwidth
and demonstrates isolation in the lateral direction in such a waveguide.

In this work, we describe the electron–lattice pair formation in models with
cubic nonlinearity. The problem of a one electron moving in a Fermi–Pasta–Ulam
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chain was investigated in the past53 however, a more detailed description of the
possibility of electron–soliton propagation was not done. Here we investigate the
occurrence of the electron–lattice pair and its dependence on the initial condition
and the electron–phonon interaction. Our results demonstrate the optimal con-
dition to obtain the electronic dynamics controlled by the solitonic propagation.
We also investigate the amount of the wave function that the lattice deformation
can capture and its dependence on the initial condition and electron–lattice cou-
pling. Our calculations indicate that the occurrence of electron–soliton pairs is a
rare phenomenon. The electron wave function and the lattice’s deformation remain
separated even for intense electron–lattice interaction.

2. Model

We investigate the propagation of a one electron in a chain with N masses. We can
write the electronic tight-binding Hamiltonian as follows:

He =
∑

j

Vj,j+1(c
†
j+1cj + c†jcj+1), (1)

where the operators c†j and cj are the creation and annihilation operators for the
electron at site j. Vj,j+1 represents the electron’s kinetic energy (the hopping term)
that depends on the distance between two consecutive masses. In our model, we
have Vj,j+1 = −[1 − α(Qj+1 − Qj)].8 The quantity Qj represents the displacement
of the mass at site (j) from its equilibrium position. α is a tunable parameter
that determines the electron–lattice coupling strength. The lattice dynamics will
be obtained by considering that the chain is a Fermi–Pasta–Ulam chain with N

masses with classical Hamiltonian given by53

HL =
∑

j

{
P 2

j

2
+

1
4
[(Qj+1 − Qj)2 + (Qj − Qj−1)2]

}

+
∑

j

{
1
6
[(Qj+1 − Qj)3 + (Qj − Qj−1)3]

}
. (2)

We emphasize that all masses are equal to unit (mj = 1). Pj represents the
momentum the jth mass. The lattice equation can be written as − ∂H

∂Qj
= aj(t)

where

aj(t) = (Qj+1 − Qj) − (Qj − Qj−1)] + [(Qj+1 − Qj)2 − (Qj − Qj−1)2]

−α{(c∗j+1cj + cj+1c
∗
j ) − (c∗jcj−1 + cjc

∗
j−1)}. (3)

The time-dependent wave function |Φ(t)〉 =
∑

j cj(t)|j〉 will be obtained by
numerical solution of the time-dependent Schrödinger. We consider the electron
initially localized at site N/2, i.e. |Φ(t = 0)〉 =

∑
j cj(t = 0)|j〉 where cj(t = 0) =

δj,N/2. The Wannier amplitudes evolve in time according to the time-dependent
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Schrödinger equation as (� = 1)

i
dcj(t)

dt
= −[1 − α(Qj+1 − Qj)]cj+1(t) − [1 − α(Qj − Qj−1)]cj−1(t). (4)

The classical equation was solved by using a standard Verlet velocity formalism.65

The position at time Δt is given by Qj(t = Δt) ≈ Qj(t = 0) + Pj(t = 0)(Δt) +
[(Δt)2/2]aj(t = 0). The momentum at time Δt is given by Pj(t = Δt) ≈ Pj(t =
0)+(Δt/2)(aj(t = 0)+aj(t = Δt)). We emphasize that for initial times, the lattice
position and velocity were considered such as Qj(t = 0) = 0 and Pj = v0δj,N/2.
In this kind of initial condition, i.e. an initial impulse excitation, we can excite
the nonlinear solitonic modes that this cubic model can exhibit.53 The electron
dynamics equations (Eq. (4)) were solved numerically by using a high-order method
based on the Taylor expansion66 of the evolution operator U(Δt) = exp (−iHeΔt) =
1+

∑no

l=1
(−iHeΔt)l

l! where He is the one-electron Hamiltonian. The wave function at
time Δt is given by |Φ(Δt)〉 = U(Δt)|Φ(t = 0)〉. This combined method (Verlet +
Taylor) can be used recursively to obtain the displacement, momentum and the wave
function at time t. The following results were taken by using Δt = 2×10−3 and no =
10. Our analysis will be done by following the electron and the lattice deformation
propagation along the chain. The electronic propagation can be analyzed by using
the quantity ne defined as follows:

ne =
∑

j

(j − N/2)|cj(t)|2. (5)

We compute the electronic velocity (Ve) by using a linear fitting of the curve ne× t.
The lattice deformation will be analyzed using an effective probability of deforma-
tions Πj defined as follows:

Πj = Aj

/∑
j

Aj , (6)

where Aj = (1 − e−(Qj−Qj−1))2. The centroid of the deformation wave’s (nL) can
be obtained as follows:

nL =
∑

j

(j − N/2)Πj. (7)

We obtain the propagation velocity of the lattice deformations (VL) following a
similar way as was used for finding Ve (i.e. a linear fitting of the curve nL × t).

3. Results

We show our results about the electron–lattice dynamics within this cubic nonlinear
model. We emphasize that we solve the model considering a chain with N = 105

sites. However, we have used the self-expanded trick to speed up the calculation.
Therefore, we start our calculations in a small fraction of the chain around the
center of chain (with size N0 = 200). Whenever the electron wave function (or
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Fig. 1. Velocity of the electron (Ve) and the lattice (VL) vs the electron–lattice coupling. The
initial lattice velocity was v0 = −0.5 upto −1.5.

the lattice vibrations) arrives at the boundary of this segment, we increase the
value of N0. We stress that we consider the electron initially localized at site N/2,
i.e. |Φ(t = 0)〉 =

∑
j cj(t = 0)|j〉 where cj(t = 0) = δj,N/2. The initial condition

considered for the lattice was Qj(t = 0) = 0 and Pj = v0δj,N/2. In Fig. 1, we
plot the velocity of the electron and the lattice vs the electron–lattice coupling.
We calculate Ve and VL following the same procedure: we calculate curves of ne

vs t (and nL vs t); using these curves, we applied a linear fitting to calculate Ve

and VL, respectively. We emphasize that the curves of ne and nL were considered
from t = 0 upto tm (with tm > 104 time units). The initial lattice velocity was
v0 = 0.5 upto 1.5. By analyzing these results, we can see that the lattice deformation
kept its velocity roughly independent of the electron–lattice interaction. Moreover,
we observe that the magnitude of the lattice’s velocity exhibits some dependence
on the initial velocity.54 This phenomenology is directly dependent of the kind of
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nonlinearity we have considered in our model.54 Chains with cubic nonlinearity that
were started with initial impulse excitation promote the appearance of a nonlinear
stable solitonic mode.53 This soliton mode travels along the chain with velocity
roughly constant (independent of the electron–lattice coupling). Therefore, the solid
line obtained in our calculations indicates precisely this solitonic mode’s presence.
On another side, the dotted line indicates the electronic velocity and its dependence
on the electron–lattice interaction. We can see that the electronic dynamics strongly
depend on the value of α and the initial lattice velocity. We can see that the electron
and the lattice dynamics exhibit distinct velocities for a wide range of values of α

and v0. We observe that a good concordance between Ve and VL was obtained only
for v0 = 1 and some values of α (for α about [24–30], [45–50] and [65–70]). In
general, for a wide range of values of α, our calculations indicate that the electron
and the lattice solitonic mode travel with distinct velocities. In Fig. 2, we plot the

Fig. 2. Velocity of the electron (Ve) and the lattice (VL) vs the electron–lattice coupling. The
initial lattice velocity was v0 = −0.5 upto −1.5.
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same results as in Fig. 1 considering the initial lattice velocity with same values
as in Fig. 1 however with opposite signal. The results in Fig. 2 are qualitatively
similar to those shown in Fig. 1. For a wide range of values of α, we can see that
the electron wave function and the lattice’s vibrations remain roughly separated.
For some specifics ranges of α, we observe that Ve and VL have relative values (thus
suggesting that both excitation are close). We also observe in Fig. 2 that the signal
of velocities Ve and VL is inverted in comparison with those results in Fig. 1. It is a
direct consequence of the initial velocity v0 we consider.54 The solitonic excitation’s
velocity depends on the initial impulse’s magnitude and signal.

In Figs. 3 and 4, we show the normalized distance between the electron and the
lattice’s deformation De,L/Dm. We emphasize that De,L = |ne(t)−nL(t)|t≈tm (with
tm > 104 time units). The quantity Dm represents the maximum value of De,L.
In good agreement with the previous results shown in Figs. 1 and 2, the electron
and the lattice’s deformations remain separated for a wide range of values of α.
For regions where Ve and VL are close, we obtain a small (almost zero) normalized
distance De,L/Dm. We also observe that, qualitatively, these results are roughly
the same, independent of the signal and magnitude of the initial velocity v0. Our

Fig. 3. Normalized distance between the electron and the lattice’s deformation vs the electron–
lattice interaction. The initial lattice velocity was v0 = 0.5 upto 1.5.
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Fig. 4. Normalized distance between the electron and the lattice’s deformation vs the electron–
lattice interaction. The initial lattice velocity was v0 = −0.5 upto −1.5.

calculations in these four previous pictures indeed suggest that the electron–lattice
pair can exist only for some specific small intervals. For the most values of α, our
results suggest that the electron wave function and the lattice deformation are kept
separate. In Fig. 5, we show some details about the hopping distribution along the
time and space for α = 5 and α = 25 (we considered v0 = 1). We emphasize that in
both cases (α = 5 and 25) there is a solitonic mode with velocity roughly constant
independent of α. For small α, the hopping distribution is about −1 in most parts
of the chain, and, in a tiny region of the lattice, the hopping intensity shows a little
growth. For α = 25, we can observe again (see Fig. 5) a hopping profile in the plane
t, n similar to that obtained for α = 5. The difference now is the magnitude of
the hopping peak (almost 10 times larger than the case with α = 5). It is a direct
consequence of the magnitude of the electron–lattice coupling. This region in which
the hopping increases is exactly the position of solitonic deformation. Therefore, the
solitonic deformation promotes the appearance of this hopping profile. This kind
of “hopping wave” promotes the trapping of a finite fraction of the wave function.
However, the amount of the wave function trapped by the “hopping profile” depends
on the value of α and also v0. In Fig. 6, we can see the fraction of the wave
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Fig. 5. The hopping parameter Vj,j+1 vs t and n for α = 5 and α = 25 (we considered v0 = 1).
We emphasize that the position n = j − N/2 = 0 here represents the center of chain.

Fig. 6. The fraction of the wave function (Fmax = [|cj(t ≈ tm)|2]max) trapped by the solitonic
lattice’s deformation vs the electron–lattice interaction.
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function (Fmax = [|cj(t ≈ tm)|2]max) vs the electron–lattice coupling α. We can
see, for example, that, for v0 = 1, the value of Fmax(α = 5) is much smaller than
Fmax(α = 25). If you compare the figures of Fmax for v0 = 0.5 upto 1.5 we can see
that the case with v0 = 1 is the largest. For example, for v0 = 1 and α within [24–
30], we can see that the hopping profile can capture about 40% of the wave function.
It is the key ingredient behind the results shown in Figs. 1 and 3. We emphasize
that, for these parameters, we have obtained Ve ≈ VL and the normalized distance
De,L/Dm almost zero. By another side, for v0 = 1 and α ≈ 10 our calculations in
Figs. 1 and 3 indicate that Ve and VL are completely distinct and the normalized
distance it was maximum. These results suggest a repulsion between the electron
and the lattice’s deformation. By analyzing the calculations for Fmax for this case,
we can see that the lattice’s deformation was unable to trap a fraction of the wave
function (i.e. Fmax(α = 10, v0 = 1) ≈ 0). Therefore, based on Figs. 5 and 6,
we can conclude that for α < 20 the hopping distribution within the chain is,
in general, unable to capture a dominant fraction of the electronic wave function.
For α > 20, depending on the value of v0, it is possible to promote the electron–
lattice pair formation. In general, for those intervals in which that Ve ≈ VL and
De,L/Dm → 0, the fraction Fmax of the electronic wave function captured by the
lattice’s deformation was pretty big. Our calculations reveal that when Ve ≈ VL

and De,L/Dm → 0, the lattice’s deformation trapped at least 30% of the initial
wave-packet. Depending on the value of v0 and α, about 50% of the electronic state
was kept around the solitonic pulse.

Before concluding our work, we briefly discuss our calculations’ dependence on
the initial electronic condition. We will analyze the electron–soliton dynamics con-
sidering another initial one-electron state as, for example, |Φ(t = 0)〉 =

∑
j cj(t =

0)|j〉 where cj(t = 0) = δj,N/2−50. Therefore, at the same instant (t = 0) the clas-
sical lattice is excited using Qj(t = 0) = 0 and Pj = δj,N/2 and the electron is
fully localized 50 sites distant from the center of the chain. Therefore, the electron
will spread freely around the initial position for initial times while the solitonic
mode propagates to the left side. To illustrate the electronic dynamics, we plot in
Figs. 7(a) and 7(b), |cn|2 vs t and n = j − N/2. We emphasize that the position
n = j−N/2 = 0 represents the center of the chain. In the absence of electron–soliton
interaction (α = 0), the electron wave packet will spread ballistically until the chain
boundary (see Fig. 7(a)). In the presence of electron–soliton coupling (α = 1), the
electron initially spreads within the chain; however, after the solitonic mode meets
the electron, the wave packet is swept away to the left side (see Fig. 7(b)). In
Fig. 7(c), we can see the effect of the electron–soliton meeting on the electronic
position along the time. For initial times, the electron centroid remains fixed at
about −50 (the ne = 0 represents the center of the chain; therefore, ne = −50
is precisely the position we have initially localized the electron). For t ≈ 25, the
solitonic mode meets the electron and drags it to the left (see Fig. 7(c)). We can
observe that, for α = 1, the velocity of the lattice deformation and the electronic
wave packet is roughly the same. We also observe in Fig. 7(d) that for α = 1
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Fig. 7. Electron–soliton dynamics considering the initial one-electron state as |Φ(t = 0)〉 =P
j cj(t = 0)|j〉 where cj(t = 0) = δj,N/2−50. The classical lattice is excited using Qj(t = 0) = 0

and Pj = δj,N/2. (a) |cn|2 vs t and n = j − N/2 for α = 0. The electron wave packet will spread

ballistically until the chain boundary. (b) The same in (a) for α = 1; The electron initially spreads
around the initial position; for time t ≈ 25, the solitonic mode meets the electron, and most part
of the electronic wave packet is pushed to the left side. (c) The electron and the lattice position
vs time for α = 1. (d) Normalized distance between the electron and the lattice’s deformation vs
the electron–lattice interaction.

the normalized distance between soliton and electron is small, thus suggesting the
existence of an electron–soliton pair. Therefore, for this new initial condition, our
results are qualitatively similar. Whenever the solitonic excitation meets a wide (or
broad) electronic wave packet, it is still possible to establish an electron–solitonic
excitation and effectively control the electron propagation.

4. Summary and Final Statement

We investigate the problem of electronic dynamics in a chain with cubic nonlinearity.
We solved the Schrödinger equation by using a Taylor procedure. We used Verlet
velocity formalism to solve the lattice’s dynamics. Using this numerical formalism,
we describe the electron–lattice pair formation and its particularities in detail. Here
we investigate the possibility of the electron–lattice pair and its dependence on
the initial lattice’s velocity and the electron–lattice coupling. Our results indicate
the necessary condition to promote the electron–soliton dynamics. We discuss the
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fraction of the electronic wave function captured by the lattice’s deformations. We
investigate the electronic hopping vs time and chain position. We have shown that
for strong electron–lattice interaction, the hopping profile exhibits an intense peak
that facilitates the electron controls. Our results demonstrate that the electron–
soliton pairs occur for some specific values of α and v0. Therefore, our calculations
indicate that the phenomenology of electron–soliton propagation is a rare effect. To
obtain a cooperative dynamics profile evolving the electron and solitonic pulse close
with the same velocity, we need to adjust v0 and α within specific small intervals.
We hope our work stimulates further investigation of electron–soliton dynamics in
solid-state systems.
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