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Abstract. In this paper we study the propagation of acoustic waves in an one-dimensional diluted random
media which is composed of two interpenetrating chains with pure and random elasticity. We considered
a discrete one-dimensional version of the wave equation where the elasticity distribution appears as an
effective spring constant. By using a matrix recursive reformulation we compute the localization length
within the band of allowed frequencies. In addition, we apply a second-order finite difference method
for both time and spatial variables, and study the nature of the waves that propagate in the chain. We
numerically demonstrate that the diluted random elasticity distribution promotes extended acoustic modes
at high-frequencies.

1 Introduction

The wave propagation in low-dimensional disordered sys-
tems is a well known issue with several connections with
electronic eigenstates [1–4], magnetic excitations [5,6], vi-
brational modes [7,8], acoustic wave propagation [9–19]
and light propagation [20–23]. The step ahead concern-
ing the transport properties in non periodic systems was
done by Anderson in its well known “localization the-
ory” [2,4]. By considering an one-electron Hamiltonian
it was predicted the absence of extended eigenstates in
low-dimensional systems with uncorrelated disorder [2,4].
In a three-dimensional lattice, the presence of weak dis-
order promotes the localization of the high-energy eigen-
modes. The prediction of exponential localization of all
one-electron eigenfunctions in 1D systems can be violated
when special short-range [24–31] or long-range [32–35] cor-
relations are present in the disorder distribution. From the
experimental point of view, these theoretical predictions
were useful to explain transport properties of semiconduc-
tor super lattices [31] and microwave transmission spec-
tra of a single-mode waveguide with intentional correlated
disorder [35].

Within the context of 1D disordered models with reso-
nant propagation, the Anderson model with “diluted dis-
order” has attracted a renewed interest [36–42]. The kind
of short-range correlation present in the diluted on-site
energy disorder distribution was pointed as a key mecha-
nism to promote extended electronic eigenstates [36–42].
Hilke [36] introduced an Anderson model with diago-
nal disorder diluted by an underlying periodicity. The
model consists of two interpenetrating sub-lattices, one
composed of random potentials (Anderson lattice) and
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the other composed of non-random segments of constant
potentials. Due to the periodicity, special resonance ener-
gies appear with vanishing wave-function amplitudes on
the random lattice. The extended states in the diluted
Anderson model are in fact Bloch waves with infinite co-
herence length. In reference [38], the authors presented
a simple model for alloys of compound semiconductors
by introducing an one-dimensional binary random sys-
tem where impurities are placed in one sub lattice while
host atoms lie on the other sub lattice. The existence of
an extended state at the center of the band was demon-
strated, both analytic and numerically. Moreover, it was
numerically demonstrated that the diluted random Ander-
son chain displays a nontrivial electronic dynamics [42].
It was reported a long-time memory effect which is re-
flected by distinct asymptotic dynamics governing the
wave-function spreading for electrons initially localized at
random or pure sites [42]. Recently, the diluted Anderson
model was extended for a 2D lattice [43]. Using analyt-
ical and numerical methods, it was shown that the 2D
diluted Anderson model displays a metal-insulator transi-
tion which was compared with recent experimental results
in 2D disordered samples [44,45].

In this letter, we study the acoustic waves propagation
in low-dimensional systems with diluted disorder distribu-
tion. We considered a discrete one-dimensional version of
the wave equation where the elasticity distribution ap-
pears as an effective spring constant [13]. The system
is composed of two interpenetrating chains with pure
and random elasticity intensity. By using a matrix re-
cursive reformulation we compute the localization length
within the band of allowed frequencies. In addition, we ap-
ply a second-order finite difference method for both time
and spatial variables, and study the nature of the waves
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that propagate in the chain. We numerically demonstrate
that the diluted random elasticity distribution promotes
a high-frequency extended acoustic mode with divergent
localization length.

2 Model and formalism

The acoustic wave equation in a random media is given
by (see Ref. [13]):

∂2

∂t2
ψ(x, t) =

∂

∂x

[
η(x)

∂ψ(x, t)
∂x

]
. (1)

Where, ψ(x, t) is the wave amplitude, t is the time, and
η(x) = e(x)/m is the ratio of the stiffness e(x) and the
medium mean density m. We consider the wave ampli-
tude with a time-dependent harmonic form ψ(x, t) =
ψ(x) exp(−iωt), where ω is the wave frequency. We will
use a finite-difference (FD) method to write the acous-
tic wave equation in a discretized form. The spatial wave
amplitude ψ(x) is written as ψi where x = iΔx. The spa-
tial derivative will be written as (∂ψ(x))(∂x) ≈ (ψi −
ψi−1)/Δx. Following reference [13] we will use m = 1 and
consider nearest-neighbor spacing Δx = 1. Therefore, the
right side of equation (1) can be written as

∂

∂x

[
η(x)

∂ψ(x)
∂x

]
≈ [ηi(ψi+1 − ψi)−ηi−1(ψi − ψi−1)] . (2)

According, the discrete one-dimensional version of the
wave equation can be obtained as

ηi(ψi+1 − ψi) − ηi−1(ψi − ψi−1) + ω2ψi = 0. (3)

To construct a diluted random elasticity distribution we
will follow the formalism used in the 1D diluted Anderson
model [36–41]. The diluted Anderson model was con-
structed by introducing a pure site with on-site energy
ε0 between each original pair of neighboring Anderson
sites [36]. Therefore, to mimic this kind of short-range
correlation, the elastic constants ηi will be considered as

ηi = ηm + xj for i odd
ηi = ηm for i even, (4)

where ηm = 2 and xj are uncorrelated random numbers
within the interval [−0.5, 0.5]. The localization properties
and acoustic wave propagation will be measured accord-
ing standard tools used in literature [13]. The degree of
localization will be obtained using the well known local-
ization length (inverse of Lyapunov exponent λ = 1/γ).
For extended states λ/N ≈ const while it goes to zero
for localized waves. The most accurate numerical method
to compute the localization length is the transfer matrix
method (TMM) [7,13]. The (TMM) is obtained from a
matrix recursive reformulation of equation (3). The ma-
trix equation is(

ψi+1

ψi

)
=

(
−ω2+ηi+ηi−1

ηi
− ηi−1

ηi

1 0

)(
ψi

ψi−1

)

= Ti

(
ψi

ψi−1

)
. (5)

The wave amplitude of the complete 1D system is given by
the product of the transfer matrices QN =

∏N
i=1 Ti. The

logarithm of the smallest eigenvalues of the limiting ma-
trix Γ = limN→∞(Q†

NQN )1/2N defines the Lyapunov ex-
ponent γ (inverse of localization length λ = 1/γ). Further
details about the computation of this parameter can be
found in [1,2,13]. Typically, we use up to N = 217 transfer
matrices to compute the localization length. Moreover, we
apply the finite-difference method with second-order dis-
cretization for both, time and spatial variables, proposed
in reference [13]. Thus, in discretized form, ψ(x, t) is writ-
ten as ψn

i , where n denotes the time step number and i
is the grid point number [13]. Therefore, the second time
derivative in equation (1) is given by [13]

∂2

∂t2
ψ(x, t) ≈ ψn+1

i − 2ψn
i + ψn−1

i

Δt2
, (6)

whereΔt is the size of the time step. The spatial derivative
will be written as

∂

∂x

[
η(x)

∂ψ(x, t)
∂x

]
≈ 1
Δx2[

ηi(ψn
i+1 − ψn

i ) − ηi−1(ψn
i − ψn

i−1)
]
. (7)

In our calculations the spacing Δx between two neigh-
boring grid points was kept Δx = 1. In order to en-
sure the stability of the discretized equations we used
Δt < Δx/100. We carried our dynamical analysis by send-
ing a wave from one side of the chain (L = 0) and record-
ing the transmitted wave at position L. We calculated the
intensity spectrum of the transmitted wave at position L
defined as

A(ω) = (1/2)|ψL(ω)|2 (8)

where ψL(ω) is the Fourier transform of the transmitted
wave ψL(t) at position L = 10 000. For transmitted acous-
tic modes, A(ω) > 0 and goes to zero for filtered ones. In
our dynamical calculations the chain length was N = 215.

3 Results

We first present the calculations of the typical localiza-
tion length using the transfer-matrix technique for a very
large chain (N ≈ 5 × 106). It should be stressed that in
this method self-averaging effects automatically takes care
of statistical fluctuations. The resulted data has statistical
errors less than 5%. We estimate and control these statis-
tical fluctuations following the deviations of the calculated
eigenvalues of two adjacent iterations [1,2,13]. In Figure 1a
(solid line) we show the scaled localization length λ/N ver-
sus ω computed for a diluted random system. In Figure 1a
(dashed line), we show the results for the scaled localiza-
tion length λ/N versus ω obtained from an uncorrelated
random system with ηi = 2+ai where ai are uncorrelated
random numbers within the interval [−0.5, 0.5]. All calcu-
lations were averaged over 30 disorder configurations. For
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Fig. 1. (a) Scaled localization length λ/N versus ω com-
puted for a diluted random system (solid line) and uncorre-
lated random system (dashed line). For the uncorrelated case,
the localization length diverges only for ω = 0. In the di-
luted case we obtain a resonant mode with λ ≈ N for ω = 2.
In the inset we show that λ diverges around the critical fre-
quency as λ ∝ |ω − 2|−1. (b) A quantitative scaling anal-
ysis of the localization length showing that the localization
length at resonant mode diverges proportional to the system
size (λ(ω = 2) ∝ N0.95(5)).

the uncorrelated case, the localization length scales pro-
portionally to the system size only for ω = 0. However,
the diluted disorder promotes the emergence of a reso-
nant mode with λ/N ≈ const. for ω = ηm = 2. In the
inset of Figure 1a we plot the localization length around
the critical frequency ω = 2. We found that at the res-
onant mode λ diverges as λ ∝ |ω − 2|−1. A quantitative
scaling analysis of the localization length is showed in Fig-
ure 1b. We plot λ versus N for ω = 1 and 2. All calcula-
tions were averaged over 30 disorder configurations and N
was used from 104 up to 107. Within our numerical preci-
sion, the localization length at the resonant mode diverges
proportional to the system size (λ(ω = 2) ∝ N0.95(5)).
This result suggests the possibility of an extended acous-
tic wave at frequency ω = 2. However we stress that the
divergence of the localization length itself does not guar-
antee the existence of extended states, as in the case of

Fig. 2. (a, b) The wave amplitude ψi versus grid index i at
time t = 5000 000Δt computed by solving the wave equation
of a diluted random media. The incident wave is a sine wave
with frequency (a) ω = 1 and (b) < ω = 2. The incident wave
propagates through the diluted disordered media for ω = 2
while it is damped in the case of ω = 1. (c) The intensity spec-
trum A(ω) versus frequency for these simulations. We observe
that the medium behaves as a filter to transmit only the mode
at frequency ω = 2.

a vibrational wave envelope displaying a power-law de-
cay [1,2]. Therefore, following the standard framework of
localization theory, we must investigate the influence of
the above extended states by directly solving the scalar
wave equation. We follow the time propagation of an in-
cident wave and directly obtained the degree of transmit-
tance of a diluted random media. In Figure 2a, 2b we
plot the wave amplitude ψi versus grid index i at time
t = 5 000 000Δt. The incident wave was a sine wave with
frequency (a) ω = 1 and (b) ω = 2. We observe that for
ω = 2 the incident wave displays a propagation through
the diluted disordered media while it is damped in the
case of ω = 1. We also considered the incident wave as a
pulse defined by Ψ0(t) = exp [−(t− t0)2/2σ2

t ] cos (ωt) with
σt = (1/σω) = 100 and no qualitative change in the phys-
ical properties was found. Calculations were done using
N = 30 000 points. In Figure 2c we present the resulting
frequency dependence of the intensity spectrum A(ω) for
these simulations. All the modes with ω �= 2 decay, and



62 The European Physical Journal B

Fig. 3. Left panel: the scaled localization length λ/N versus ω
computed for a diluted random system where each original pair
of neighboring disordered points was diluted by introducing a
sequence of k new points with elasticity ηm = 2. We use k = 2,
3 and 4, N = 5 × 106 points and averaged over 30 disorder
configurations. We observe a multi-peak structure where the
number of resonances is equal to the number of diluting points.
Right panel: the intensity spectrum A(ω) versus ω by consid-
ering the incident wave as a sine wave with frequency tuned
on the resonances found in the left panel. Calculations were
done by using N = 30 000 points and time t = 15 000 000Δt.
In agreement with the localization length calculations, the dy-
namical formalism provides the same resonance set.

the medium behaves as a filter to transmit only the modes
at frequency ω = 2. Before ending this section, let us call
attention to another kind of diluted disorder distribution.
In references [40,41], the diluted disorder was extended
to include a general diluting function which defines the
on-site energies within each non-random segment. There-
fore, we now construct the diluted disorder by introduc-
ing a sequence of k new sites between each original pair of
neighboring disordered sites. These sequences are all iden-
tical and the elasticity within such sequences are given by
ηl = 2 with l = 1, 2, . . . , k. In Figure 3 (left panel) we
show the scaled localization length λ/N versus ω com-
puted for an extended diluted random system with k = 2,
3 and 4. Calculations were done for N = 5 × 106 points
and averaged over 30 disorder configurations. We observe
in Figure 3a (left panel) a multi-peak structure where the
number of resonances is equal to the number of diluting
points. The right panel (Fig. 3b) shows the intensity spec-
trum A(ω) versus ω by considering the incident wave as a
sine wave with frequency tuned on the resonances found
in Figure 3a (left panel). Calculations where done by us-
ing N = 30 000 points and time t = 15 000 000Δt. The
dynamical formalism is in perfect agreement with local-
ization length calculation, leading to the the same res-
onance set. Therefore, our calculations indicates that the
extended version of the diluted disorder previously studied
in electronic models can be used to manufacture tunable
filters of acoustic waves.

4 Summary, discussions and conclusions

In this paper we have contributed for further understand-
ing of acoustic waves propagation in low-dimensional sys-
tems with correlated disorder distribution. We considered
a discrete one-dimensional version of the wave equation
where the elasticity distribution appears as an effective
spring constant [13]. The correlated random system was
assumed to be composed of two interpenetrating chains
with pure and random elasticity intensities. By using
a transfer-matrix method we computed the localization
length of the allowed acoustic waves. Our results showed
that the diluted disorder distribution used here promotes
the emergence of extended acoustic waves with divergent
localization length. In addition, we found that at the res-
onant mode λ diverges as λ ∝ |ω − ωc|−1. Moreover, by
using a dynamical method based on numerical solution of
the scalar wave equation for the propagation of an acoustic
wave packet, we numerically demonstrated that the chain
indeed localizes all the frequencies except those tuned on
the resonance frequency. Both formalisms provide an ac-
curate estimate of the resonance frequencies. The results
found here show the possibility of wave propagation in a
disordered media at high-frequencies. However, the reso-
nances associated with the diluted disorder has a speci-
ficity that drastically slows the wave dynamics: the lo-
calization length diverges linearly around the critical fre-
quency in contrast with dimer like correlations [13] where
the localization length diverges with λ ∝ |ω − ωc|−2. We
expect that the present work will stimulate further theo-
retical and experimental investigations along this line.
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