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ARTICLE INFO ABSTRACT

Keywords: We performed an extensive investigation of the multifractal features of time series for mag-
XY model netization and helicity moduli for the XY model in two and three dimensions. We employed
Multifractality multifractal analysis to extract generalized Hurst exponents and singularity spectra, enabling

Phase transition us to quantify the degree of multifractality across different temperatures. Our results show that

multifractality is maximized near the critical points, with broader singularity spectra in the
two-dimensional system, which is consistent with the Berezinskii-Kosterlitz-Thouless transition.
In three dimensions, the multifractal signatures are sharper and more localized, reflecting the
second-order nature of the transition. These findings confirm multifractality as a robust tool
that captures essential features of both conventional and topological phase transitions.
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1. Introduction

Complex systems are composed of many nonlinearly interacting elements that give rise to emergent phenomena, whose
collective behavior cannot be simply inferred from the knowledge of the microscopic interactions alone [1]. One of their most
remarkable features is the ability to self-organize, often leading to the spontaneous appearance of coherent structures and long-range
correlations [2,3]. Such emergent order is not restricted to physical systems: it is also observed in biological networks, ecosystems,
financial markets, and even in patterns of human activity, indicating the ubiquity of these mechanisms across nature and society.
A hallmark of complex systems is their tendency to exhibit scale invariance and criticality. At critical points, the system becomes
poised between competing phases, displaying fluctuations at all scales and giving rise to universal laws that transcend the details
of the underlying interactions. Scaling invariance implies that the same structural or dynamical properties repeat across different
length and time scales, a property that connects critical phenomena to fractal and multifractal patterns [4-12].

In particular, multifractality reflects the coexistence of multiple scaling exponents, capturing the heterogeneous and hierarchical
organization typical of critical dynamics [13]. Therefore, complex systems, criticality, and multifractality are deeply interconnected
concepts. Complexity often emerges through collective critical behavior; critical phenomena manifest as scale-invariant structures;
and multifractal analysis provides the mathematical framework to characterize the intricate fluctuations observed in these regimes.
Understanding the links among these three aspects is essential to unveil the mechanisms that govern the dynamics of natural
and social systems, and to identify the universal signatures that appear when systems operate at or near criticality. In the many-
body localized regime, eigenstates exhibit a basis-dependent multifractal behavior: they are delocalized but non-ergodic, and the
many-body localized transition is marked by a non-universal jump in the multifractal dimensions [14].
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For example, multifractality has been observed in the magnetization time series of the two-dimensional Ising model near the
critical point, identified through generalized Hurst exponents and the singularity spectrum [15]. The sources of multifractality
in these time series come from long-term correlations and broad probability density functions. Multifractality also appeared in
mesoscopic conductors’ magnetic field-induced conductance fluctuations, especially in the quantum conduction regime [16-18].
In the latter case, the externally applied magnetic field induces statistical correlations in the conductance time series. Similarly,
mesoscopic fluctuations in the quantum Hall transition are multifractal stochastic phenomena with multiscale hierarchy [19-21].
These studies suggest that multifractality can appear in time series related to magnetic systems, especially near critical points or
the quantum regime, and is associated with long-range temporal correlations.

Unlike conventional phase transitions based on symmetry breaking, topological ones are not associated with long-range order.
They involve changes in the global properties of a system that are robust to local perturbations. Multifractality provides a sensitive
probe of such transitions, revealing complex temporal correlations and offering insights into the stability of critical phases, as
illustrated in systems ranging from Weyl semimetals to superconducting films.

The two-dimensional XY model (2D-XY) is the simplest model presenting a topological phase transition [22,23]. This system
depicts an infinite-order Berezinskii-Kosterlitz-Thouless (BKT) transition from bounded vortex-antivortex pairs to a phase with
unpaired vortices. Besides, the three-dimensional XY model (3D-XY) exhibits a second-order spontaneous symmetry-breaking phase
transition, and its critical properties have been accurately obtained by numerical simulations [24,25] combined with finite-size
scaling methods and high-temperature expansions. Thus, studying the multifractality of the time series of the XY model’s observables
is crucial for understanding the complex dynamics of both conventional and topological phase transitions.

In Ref. [26], the renormalization-group approach was introduced to study nonequilibrium phase transitions in infinite lattice
systems. Focusing on spinless interacting fermions driven by a longitudinal electric field, the study shows a nonmonotonic phase
boundary: weak fields destroy charge order, while strong fields restore it via many-body Wannier-Stark localization. The system
exhibits a BKT transition in equilibrium, and in nonequilibrium steady states, currents can flow in the opposite direction to the
applied field, resembling an effective negative-temperature distribution.

In the present study, we extensively investigate the multifractal features of time series of magnetization and helicity moduli
for the 2D-XY and 3D-XY models. Using multifractal analysis [27], we extract generalized Hurst exponents and singularity spectra,
allowing us to quantify the degree of multifractality across temperatures. Our results show that multifractality is maximized near
the critical points, with broader singularity spectra in the two-dimensional system, consistent with the BKT transition. In contrast,
in three dimensions, the multifractal signatures are sharper and more localized, reflecting the second-order nature of the transition.
These findings confirm multifractality as a robust tool to characterize both conventional and topological phase transitions.

2. The XY model, simulation, and multifractal analysis
2.1. Model and simulation

The standard XY model consists of a set of interacting planar rotators, where each rotator’s orientation is parametrized by an
angle 0; € [-r, x]. Here, we consider rotators occupying the sites of fully periodic square or cubic lattices with a lateral size of L.
The system Hamiltonian is given by

H=-JY 88 =-JY cos(d,-0), @
(i.J) (i)

where (i, j) denotes pairs of neighboring sites. We take J = 1 without loss of generality. In this work, we focus on 2D-XY and
3D-XY models, obtained through Monte Carlo simulations [28,29]. The three-dimensional case exhibits a conventional second-order
continuous phase transition associated with spontaneous symmetry breaking. In contrast, the two-dimensional system undergoes an
infinite-order BKT transition [26] driven by the unbinding of vortex-antivortex pairs. The simulations were performed using the
standard Metropolis algorithm [30], starting from disordered initial states and evolving the system through successive spin updates.
To generate a new configuration, a spin is randomly selected, and a trial rotation is proposed. The new state is accepted with
probability

P =min [1,exp(-pAE)] , 2

where f is the inverse temperature and AE is the energy difference between the proposed and current states. Time is measured in
Monte Carlo time steps, where each time step corresponds to one attempt to update every spin in the system. Concretely, in each
time step, we attempt to reflect each spin with respect to a randomly chosen direction # in the xy plane [31], i.e.,

S, — 8, — (S, - PF, 3)

with probability given by Eq. (2).
In two- and three-dimensional systems, simulations start from fully disordered configurations. Observables such as squared
magnetization and the helicity modulus are measured at each time step as

2 2
M2(t) = % [Z cos 9,(:)] + # [Z sine,.(r)] , 4

i i
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Fig. 1. The typical magnetization (top panel) and helicity (bottom panel) time series for the 2D-XY model and different relative temperature,
T/T,.

2
Y1) = % Y cos(t;, —0,) - %J [z sin(6; —9,)] . ©)
(i) (ird)x

The sum in (Eq. (5)) is over all links in one direction. The time series of M? and Y were generated with 5 x 10* time steps after a
warm-up period for several temperatures. Empirically, we found that approximately 2x 10* time steps is sufficient to avoid bias due
to the initial configuration. For each temperature, an ensemble of 20 independent simulations was run. For two-dimensional systems,
the lateral size is L = 1024, while for three-dimensional systems, it is L = 64. Fig. 1 shows a typical time series of magnetization and
helicity for two-dimensional lattices and different temperatures. In the following, we employ multifractal analysis to characterize
the properties of these time series.

2.2. Multifractal analysis

We briefly introduce the Multifractal Detrended Fluctuation Analysis (MF-DFA) [27], applied to the time series of physical
observables. For concreteness, we focus on the magnetization time series; however, the same methodology is valid for the helicity
time series.

Let M, denote the magnetization in the rth MCS, r = 1,2, ...,n, where y is the total number of time steps. We first define the
profile of {M,} as follows.

i
M) =Y (M, - (M)), (6)

t=1
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where
1 n
(M)y=—'M, @
i3

is the average magnetization time series. The profile { M (i)} is divided into N, = int(y/s) non-overlapping segments of size s, denoted
(M @}, j=1,..., N,. In each segment, the local trend is removed by fitting a linear function f;(i), and the variance is calculated
as

F2)= 1 MG = Ds+il- 1,0}, ®
i=1

Next, the gth order fluctuation function is defined as

2N, 1/q
Fys) = (ﬁ Z[Ffmlq”) : ©
s j:1

where ¢ takes several real values: +0.2, +0.4, +0.6, +0.8, +1.0, +2.0, +3.0, +4.0, and +5.0. The sum in Eq. (9) is done from both the
beginning and the end of the time series which leads to 2N segments in total [15].The scaling behavior of F,(s) with segment size
s is characterized by the generalized Hurst exponent A(q):

Fy(s) ~ sh@, (10)

If h(q) depends on ¢, the series is multifractal, while if h(q) is independent of g, it is monofractal. The multifractal spectrum is
obtained via

©(q) = qh(q) - 1, 1D
and the singularity spectrum f(a) is defined through a Legendre transform:
f@=qu-r@). a=9T. (12)
dq

Multifractal series are characterized by a broad spectrum f(«), while monofractal series produce a narrow spectrum. The strength
of multifractality can be quantified by the width Ada = a,,,;, — oin; As da — 0, the series approaches monofractal behavior.

3. Results

This section presents our numerical results for the multifractal analyses of the 2D-XY and 3D-XY models, as discussed above. After
an initial warm-up period to eliminate the influence of the starting configuration, we generated time series for the main physical
observables. These series, designed to capture temporally correlated fluctuations for multifractal analysis, each contained 5 x 10*
time steps. We recorded measurements at every step. Statistical averages were then calculated from an ensemble of 20 independent
runs. We chose to focus on two key observables: magnetization and the helicity modulus, see Egs. (4) and (5). In this way, our
Monte Carlo dynamics keeps the temporally correlated fluctuations, which are ideally suited for a multifractal investigation. For
consistency, we used 30 bins logarithmically spaced in the interval [100, 12500] for scaling windows, a third-order polynomial for
detrending, and 30 values of the moment order g evenly distributed in the interval [—5,5]. This methodology enables us to extract
the generalized Hurst exponents and singularity spectra, Egs. (10) and (12), allowing a quantitative comparison of multifractal
properties across different types of phase transition.

3.1. Magnetization

Concerning the 2D-XY model, we recall that magnetization is not an appropriate order parameter for the BKT transition because
the system never develops a long-range magnetic order, owing to the Mermin-Wagner theorem [32]. The 3D-XY model exhibits
long-range order in the low-temperature phase, and the magnetization works as an order parameter in this case. As we shall see
shortly, the multifractal analyses of the magnetization time series signal the phase transition for both models.

Fig. 2 displays the generalized Hurst exponent /(q) as a function of ¢, derived from the magnetization time series for both 2D-XY
and 3D-XY models across various values of T'/T,. In both scenarios, when T < T, and T > T,, h(q) remains relatively constant or
shows only slight variations with respect to ¢, indicating a monofractal behavior in the magnetization time series. In contrast, at
T ~ T,, h(g) exhibits significant variation as a function of ¢, suggesting a multifractal behavior of the magnetization time series. This
observation is further supported by the singularity spectra f(«), which display a narrow width A« for both T < T, and T > T,, which
confirms monofractal behavior. In contrast, when T »~ T,, the width Aa becomes noticeably larger, affirming that the magnetization
fluctuations are multifractal during the transition.

To highlight the temperature dependence of the multifractal behavior, we analyze the generalized Hurst exponent A(g) as a
function of T/T, for various values of g.

As illustrated in the left and middle panels of Fig. 3, multifractality becomes more pronounced near the critical temperature
for both the 2D-XY and 3D-XY models. Notably, the two-dimensional case demonstrates a smoother dependence, which aligns with
the infinite-order nature of the BKT transition. In addition, the generalized Hurst exponent exhibits a peak at 1.16T /T, which lies
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Fig. 2. Ensemble averages of the generalized Hurst exponent A(q) as a function of ¢ (left panel) and the singularity spectrum f(«a) as a function
of « (right panel) calculated from the magnetization time series of the 2D-XY (top panels) and 3D-XY (bottom panels) models for different values
of T/T..
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Fig. 3. Ensemble averages of the generalized Hurst exponents A(q) as a function of T/T, for various values of ¢ calculated from the magnetization
time series. The left and middle panels correspond to the 2D-XY and 3D-XY models, respectively. The right panel corresponds to the two-
dimensional Ising model, first reported by [15], with a lateral side of L = 1024.

above the nominal BKT transition temperature. Our result is corroborated by high-precision numerical studies of the finite-sized
2D XY model [33], which similarly demonstrate that finite-size effects lead to an observable massless-to-massive crossover at a
shifted temperature, specifically near T/T, = 1.2. In contrast, the three-dimensional case shows sharper variations in A(q) near T,, as
expected for a second-order transition. It is striking that the multifractality of the magnetization time series captures the transition
temperature for the two-dimensional XY model; see, nevertheless, [34,35].

For a direct comparison, we also include numerical simulations of the two-dimensional Ising model with a lateral size of L = 1024,
as shown in the right panel of Fig. 3, which were previously reported by [15]. This model exhibits a similar behavior to the 3D-
XY model with sharper variations in A(g) near T, but with distinct scaling properties, thereby highlighting the influence of the
universality class on the complexity of the time series.

Fig. 3 also shows a remarkable feature of the generalized Hurst exponent that distinguishes the XY models from the two-
dimensional Ising model. In the Ising model, the Hurst exponent h(q) approaches 1/2 when the temperature T is below or above
the critical temperature T,. This value, h(q) = 1/2, is characteristic of a monofractal and uncorrelated time series, such as a random
walk time series of a Brownian particle. Similar behavior is observed in both the 2D-XY and 3D-XY models when T > T, implying
that all correlations are broken above the critical temperature. For temperatures below the critical temperature T < T,, the Hurst
exponent remains approximately constant at a value noticeably above 1/2. Specifically, A(q) is around 1.5 for the 2D-XY model
and roughly 1.0 for the 3D-XY model. The higher value of the Hurst exponent in 2D-XY systems can be attributed to the long-range
correlations introduced by vortex-antivortex pairs, which form at temperatures below the critical temperature. In contrast, in 3D-XY
systems, long-range correlations are weak, leading to a decrease in the value of the Hurst exponent.

Fig. 4 provides a global view of the heat maps of h(q) as a function of T'/T, and 4. These diagrams illustrate how multifractality
evolves with temperature and moment order, complementing the individual curves presented earlier. The darker and lighter regions
on the maps highlight the enhancement of multifractality near criticality, with a strong contrast observed around 7,. This indicates
that correlations become more complex and heterogeneous in this regime. The broader variation seen in the two-dimensional



M.A.A. de Sousa et al. Chaos, Solitons and Fractals 202 (2026) 117517

4
15

2

0 G,
1.0

)

—4
0.5

0.35 0.75 1.15 1.55 1.95 0.70 0.85 1.00 1.15 1.30
TITc TIT,

Fig. 4. Heat maps of h(q) as a function of T'/T, and q obtained from the magnetization time series. The left and right panels correspond to the
2D-XY and 3D-XY models.
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Fig. 5. Singularity spectrum width Aa of the magnetization as a function of T/T, for the 2D-XY (left panel) and 3D-XY (right panel) models.

case suggests stronger multifractality compared to the three-dimensional scenario. This observation is consistent with the long-
range correlations generated by the unbinding of vortex-antivortex pairs during the BKT transition. In contrast, the multifractal
enhancement in the three-dimensional case is more localized around T, reflecting the sharper nature of a conventional second-order
phase transition. Thus, the heat maps not only support the quantitative analysis of 4(q) but also provide a clear visual representation
of the differences between topological and symmetry-breaking critical behaviors.

Finally, Fig. 5 shows the width Aa of the singularity spectrum, which serves as a quantitative measure of the strength of
multifractality. In both two and three dimensions, Aa exhibits a pronounced peak close to T,, indicating that the temporal fluctuations
of the system become maximally complex in the vicinity of the phase transition. The broader peak observed in the two-dimensional
case is consistent with the BKT mechanism, where the unbinding of vortex-antivortex pairs gives rise to scale-free correlations across
a wide range of temporal and spatial scales. In contrast, the three-dimensional case exhibits a narrower and sharper maximum,
reflecting the more localized critical region characteristic of a conventional second-order transition. Therefore, the behavior of Aa
not only quantifies the strength of multifractality but also provides a clear distinction between the two types of phase transitions,
highlighting its usefulness as a diagnostic indicator of criticality.

3.2. Helicity modulus

We now turn our attention to the helicity modulus, which characterizes the phase stiffness of the system and provides direct
insight into the rigidity of the spin configuration against twists in boundary conditions. The helicity modulus is a more suitable
observable to detect a BKT transition, for it undergoes a universal jump at the transition temperature.

Fig. 6 presents h(q) and f(«) for the helicity time series. For the 2D-XY model, both below and above the critical temperature
T,, the helicity modulus h(g) remains relatively constant or shows only slight variations with respect to ¢. This behavior indicates a
monofractal nature of the helicity time series. However, at T ~ T,, h(q) exhibits significant variation as a function of ¢, which supports
a multifractal behavior of the helicity time series, similar to that of the magnetization behavior, as shown in Fig. 2. In contrast, for
the 3D-XY model, A(g) remains relatively constant across the entire temperature range, indicating a monofractal behavior for the
helicity time series, differing from the behavior observed in magnetization, Fig. 2. The unusual behavior of the helicity time series
can be explained by the fact that in two dimensions, the helicity modulus plays a crucial role in signaling the BKT transition. The
singularity spectrum in two dimensions is significantly broader than in three dimensions, reflecting the extended range of correlations
that arise from the unbinding of vortex-antivortex pairs. Conversely, the three-dimensional case presents a more compact spectrum,
consistent with the sharper nature of a second-order transition. This comparison highlights the complementary role of the helicity
modulus analysis in distinguishing between topological and conventional critical behaviors.

We illustrate the temperature dependence of h(q) in Fig. 7. For the 2D-XY model, h(q) increases as the temperature decreases
below the transition temperature. In contrast, for temperatures above T,, h(qg) — 1/2. The 3D-XY model, however, h(q) ~ 1/2
whether the temperature is above or below 7,. This difference highlights the fundamentally distinct critical properties of the two
transitions. In two dimensions, the BKT transition does not exhibit conventional symmetry breaking, and the system remains critical
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all the way down to zero temperature. In contrast, in three dimensions, the transition displays typical characteristics of a continuous
second-order phase transition. The corresponding heat maps in Fig. 8 further validate these observations, demonstrating a critical
enhancement of multifractality near and below T, in two dimensions. Finally, Fig. 9 presents the width of the singularity spectrum,
Aa, as a function of T/T,. Similarly to the behavior of magnetization, da peaks near the critical temperature in both the 2D-XY
and 3D-XY models, with the BKT transition exhibiting a broader spectrum. Together, these results consistently demonstrate how
dimensionality affects both the intensity and spatial distribution of critical fluctuations, highlighting the multifractal nature of the
system near T, across different dimensions.

4. Discussion and conclusions

In this study, we investigated the multifractal properties of time series generated from Monte Carlo simulations of the 2D-
XY and 3D-XY models. By applying multifractal detrended fluctuation analysis (MF-DFA) to the time series of magnetization and
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helicity modulus, we characterized the scaling behavior of temporal fluctuations in the critical regions of these systems. Our
results demonstrate that multifractality emerges as a fundamental feature of both conventional and topological phase transitions at
criticality, whereas monofractality dominates away from the transition. This highlights the potential of multifractal analysis as a
complementary approach to more traditional probes of critical phenomena.

From the magnetization time series, we observed that the generalized Hurst exponents /(q) show a pronounced dependence on ¢
at the critical temperature, confirming the multifractal character of the fluctuations. In contrast, below and above T, h(¢g) becomes
nearly independent of ¢, signaling the return to monofractal dynamics. The corresponding singularity spectra f(a) are broad in both
two and three dimensions at criticality, while far from T, they collapse to narrow distributions. Notably, the 2D-XY model exhibits
a broader spread of scaling exponents, whereas the 3D-XY model shows sharper but narrower spectra.

These observations are reinforced by the temperature dependence of the width of the singularity spectrum Aa, which consistently
peaks at the transition. The broader peak in two dimensions is fully consistent with the Berezinskii-Kosterlitz—-Thouless (BKT)
mechanism, where the unbinding of vortex—antivortex pairs generates fluctuations spanning multiple scales. In three dimensions,
the second-order character of the transition results in a more localized, yet still significant, multifractal signal. A comparison with
the two-dimensional Ising model further strengthens the conclusion that multifractality is not exclusive to the XY universality class.
Instead, it appears to be a general hallmark of critical dynamics, with variations reflecting the specific universality class of the
transition.

The analysis of the time series of the helicity modulus provided complementary insights. In the 2D-XY model, the helicity
modulus quantifies phase stiffness and serves as the order parameter for the BKT transition. Its multifractal fluctuations revealed
clear signatures of criticality: as with the magnetization, Ada reached a maximum around 7,. Once again, the two-dimensional case
was characterized by a broader and smoother spectrum, while the three-dimensional case displayed a narrower but sharper one.
The consistency across different observables emphasizes the robustness of multifractality as a diagnostic tool for detecting and
characterizing critical behavior.

Taken together, these findings suggest that multifractality captures essential features of both conventional and topological phase
transitions. In particular, the observation that Aa systematically peaks near criticality indicates that the degree of multifractality
can serve as a universal marker of phase transitions, complementing more traditional quantities such as the correlation length,
susceptibility, and order parameter fluctuations. This aspect is particularly relevant for the BKT transition, which is notoriously
difficult to characterize due to its infinite-order nature. Unlike conventional methods that rely on equilibrium scaling, the multifractal
approach identifies criticality directly from the scaling of temporal fluctuations, providing a novel perspective on subtle topological
phase transitions.

Beyond the XY model, our results connect to broader developments in statistical and condensed matter physics. Multifractal
fluctuations have been observed in a wide range of contexts, including mesoscopic conductance [16], quantum Hall systems [19,20],
and the Ising model [15]. This suggests that multifractality is a unifying theme across diverse physical systems, from classical to
quantum, and from ordered to disordered media. Our study contributes to this broader picture by showing that even classical spin
models with well-established critical properties display multifractal features in their dynamical observables. This supports the view
that multifractality is not a secondary byproduct, but rather an intrinsic manifestation of critical dynamics, closely tied to the
long-range correlations and broad distributions that define these regimes.

In conclusion, we have shown that multifractal analysis provides a robust and versatile framework for probing both conventional
and topological phase transitions. By analyzing the time series of magnetization and helicity modulus in the XY model, we
found unambiguous evidence of multifractality, which is maximized at the critical temperature. The contrast between the broader
multifractal spectra in two dimensions and the sharper ones in three dimensions reflects the fundamental differences between BKT
and second-order transitions. Given its generality, this approach may prove valuable for exploring a wide range of systems, including
quantum many-body models, disordered materials, and non-equilibrium critical phenomena. Future research should aim to further
investigate the universality of multifractal signatures and to establish whether the degree of multifractality can serve as a predictive
indicator of criticality across different universality classes.
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